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UNISTRUCTURALITY OF CLUSTER ALGEBRAS FROM
SURFACES WITHOUT PUNCTURES
VE´RONIQUE BAZIER-MATTE AND PIERRE-GUY PLAMONDON
Abstract. A cluster algebra is unistructural if the set of its cluster variables
determines its clusters and seeds. It is conjectured that all cluster algebras
are unistructural. In this paper, we show that any cluster algebra arising from
a triangulation of a marked surface without punctures is unistructural. Our
proof relies on the existence of a positive basis known as the bracelet basis,
and on the skein relations. We also prove that a cluster algebra defined from
a disjoint union of quivers is unistructural if and only if the cluster algebras
defined from the connected components of the quiver are unistructural.
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1. Introduction
Cluster algebras are commutative algebras that come equipped with a rich struc-
ture: their generators, the cluster variables, are grouped into finite sets called
clusters, each of which is endowed with a matrix (or a quiver) to form a seed,
in such a way that all seeds can be deduced from any one of them by a pro-
cess called mutation. Ever since their introduction and fundamental study by
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S. Fomin and A. Zelevinsky [FZ02, FZ03, FZ07] (and also with A. Berenstein in
[BFZ05]), cluster algebras have received a lot of attention due to their appearance
in many fields of mathematics. Survey papers and books on cluster algebras include
[Mar13, LW14, Wil14, GR17]; let us also mention [GSV10], which focuses on links
with Poisson geometry, [Rei10, Ami11, Kel12, Pla18] on links with representation
theory of associative algebras, [GLS13] on links with Lie theory, and [Sch18] on
links with triangulations of surfaces.
In this paper, we are interested in structural questions for cluster algebras. If
one forgets the cluster algebra structure given by the seeds, many cluster algebras
become isomorphic as rings. In [ASS12, ADS14], a suitable notion of morphism of
cluster algebras was introduced: roughly speaking, such a morphism should send
seeds into seeds. An isomorphism of cluster algebra is then an isomorphism of rings
satisfying the strong condition that it should preserve seeds.
In [ASS14a] was introduced the notion of unistructurality: a cluster algebra is
unistructural if the set of its cluster variables determines its seeds (see Section 2,
where we discuss several variants of the definition). There is, to this day, no example
of a cluster algebra which is known not to be unistructural.
Conjecture (1.2 of [ASS14a]). Any cluster algebra is unistructural.
The classes of cluster algebras for which the conjecture is known to be true are
few. It was proved in [ASS14a] for skew-symmetric cluster algebras of Dynkin type
or of rank 2, and in [BM16] for cluster algebras of type A˜n (all of these cluster
algebras are taken with trivial coefficients). In the latter case, the first author of
the present paper used the geometric model of [FST08] (see Section 3), in which
cluster algebras of type A˜n are linked to triangulations of an annulus. In this paper,
we extend these methods to any unpunctured surface.
Theorem (4.1). Any cluster algebra with trivial coefficients associated to a trian-
gulation of an unpunctured surface is unistructural.
The proof, given in Section 4, relies on the existence of a positive basis (the
bracelet basis of [MSW13]) and on the skein relations to analyze products of cluster
variables. On the way, we obtain a reduction result (Proposition 2.14) showing that
it is sufficient to prove the unistructurality conjecture for cluster algebras defined
from connected quivers.
2. Cluster algebras and unistructurality
2.1. Cluster algebras. Let us recall the main definitions and properties of clus-
ter algebras. We will mainly follow the exposition of [FZ07], with the additional
restrictions that we will only consider skew-symmetric cluster algebras (which al-
lows us to use quivers instead of matrices) with trivial coefficients. Let us mention
that examples of all notions recalled in this section can be easily generated using
B. Keller’s applet [Kel] or Sage [Sag].
Our first ingredient is that of quiver mutation. A quiver is an oriented graph
(possibly with multiple edges); if Q is a quiver, we denote by Q0 its set of ver-
tices, Q1 its set of arrows, and by s, t : Q1 → Q0 the maps sending each arrow to
its source or its target, respectively.
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Definition 2.1. Let Q be a finite quiver without oriented cycles of length 1 or 2,
and let i be a vertex of Q. The mutation of Q at i is the quiver µi(Q) defined by
modifying Q as follows:
(1) for each path of length 2 of the form h
α
−→ i
β
−→ j (recall that i is fixed), add
an arrow h
[βα]
−−→ j;
(2) reverse the orientation of each arrow having i as source or target;
(3) remove the arrows from a maximal set of disjoint oriented cycles of length 2
created in the two previous steps.
It is immediate from the definition that mutation of quivers at a given vertex is
an involution.
Definition 2.2. A seed is a pair (u, Q), where
• Q is a finite quiver without oriented cycles of length 1 or 2, and with vertex
set Q0 = {1, . . . , n};
• u = (u1, . . . , un) is a free generating set of the field Q(x1, . . . , xn). Note
that the variables in u are indexed by the vertices of Q0.
The mutation of (u, Q) at i is the pair µi(u, Q) = (u
′, Q′), where
• Q′ = µi(Q) is the mutation of Q at i;
• u′ℓ = uℓ if ℓ 6= i, and u
′
i satisfies the exchange relation
u′i =
∏
α∈Q1
t(α)=i
us(α) +
∏
α∈Q1
s(α)=i
ut(α)
ui
.
Two seeds are mutation-equivalent if one can be obtained from the other by a
sequence of mutations. Two seeds are isomorphic if they are the same up to re-
ordering of their cluster variables and relabelling of the correponding vertices of
their quivers.
One readily checks that the mutation of a seed is still a seed, and that mutation
of seeds at a given vertex is an involution.
Definition 2.3. Let (u, Q) be a seed. Consider all seeds (u′, Q′) obtained by
iterated mutations of (u, Q).
• The n-tuples u′ appearing in those seeds are called clusters.
• The elements of clusters are called cluster variables.
• The cluster algebra A (u, Q) is the subring of the ambient field F generated
by all cluster variables, where F = Q(x1, . . . , xn).
• The integer n is called the rank of the cluster algebra A (u, Q).
• A cluster monomial is a product of cluster variables belonging to the same
cluster.
• The exchange graph of A (u, Q) is the graph whose vertices are isomorphism
classes of seeds of A (u, Q) and where two vertices are joined by an edge if
one is obtained by the other by applying one mutation.
Example 2.4. If the quiver Q has one vertex and no arrows, then the cluster
algebra A (u, Q) is Z[u, 2
u
]. Its exchange graph has two vertices joined by an edge.
Let us recollect some of the most important results on cluster algebras.
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Theorem 2.5.
• (Laurent Phenomenon) [FZ02] A cluster algebra A (u, Q) is contained in
the Laurent polynomial ring Z[u±11 , . . . , u
±1
n ]. Equivalently, every cluster
variable of A (u, Q) is a Laurent polynomial with integer coefficients in the
cluster variables of any given cluster.
• (Positivity) [LS15, GHKK18] Every cluster variable of A (u, Q) is a Laurent
polynomial with non-negative integer coefficients in the cluster variables of
any given cluster.
• (Finite type) [FZ03] A cluster algebra A (u, Q) has only finitely many clus-
ter variables if and only if Q is mutation-equivalent to a disjoint union of
quivers which are orientations of Dynkin diagrams of type ADE.
• (Linear independence of cluster monomials) [CIKLFP13, GHKK18, CL18]
Cluster monomials are linearly independent over Z.
We shall also need the following result on the structure of non-initial variables.
Lemma 2.6 (Lemma 3.7 of [CIKLFP13]). Let A (u, Q) be a cluster algebra. If a
cluster variable in A (u, Q) is a Laurent monomial in u with coefficient ±1, then
it belongs to u.
2.2. Unistructurality. Different cluster algebras can be isomorphic as rings with-
out having the same exchange graphs. A stronger notion of morphism and isomor-
phism of cluster algebras was thus introduced and studied in [ASS12, ADS14]. In
this paper, we shall not use the full scope of this formalism, but merely the following
notion from [ASS14a].
Definition 2.7 (Section 5.1 of [ASS14a]). Let (u, Q) be a seed, and let A (u, Q) ⊆
Q(x1, . . . , xn) be the corresponding cluster algebra. Denote by X the set of its
cluster variables. The cluster algebra A (u, Q) is unistructural if, for any n-tuple v
which forms a free generating set of Q(x1, . . . , xn), the following condition is satis-
fied:
(U) if (v, R) is a seed such that the set of cluster variables of A (v, R) is
equal to X , then there is an isomorphism between the exchange graphs
of A (u, Q) and A (v, R) and the two cluster algebras have the same clus-
ters (up to permutation of the cluster variables in each cluster).
In our setting, we can get rid of the condition on the exchange graphs.
Proposition 2.8. A cluster algebra A (u, Q) with set X of cluster variables is
unistructural if and only if the following condition is satisfied:
(U’) if (v, R) is a seed such that the set of cluster variables of A (v, R) is equal
to X , then the two cluster algebras have the same clusters (up to permu-
tation of the cluster variables in each cluster).
Proof. Clearly, condition (U) implies (U’). To prove the converse, one uses the
following results:
(1) [GSV08, Theorem 4] for a (skew-symmetric) cluster algebra (with trivial
coefficients), the same cluster (up to permutation of its variables) cannot
appear in two different seeds (up to isomorphism);
(2) [GSV08, Theorem 5] in the same setting, two clusters (up to permutation)
belong to adjacent seeds of the exchange graph if and only if they have
exactly n− 1 cluster variables in common.
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Therefore, if the set of clusters of a cluster algebra is known, then its exchange graph
can be recovered using the adjacency relations in (2). Thus two cluster algebras
having the same set of clusters must have isomorphic exchange graphs. 
Remark 2.9. Proposition 2.8 is true in a greater generality, since the two results
it uses, [GSV08, Theorems 4 and 5], are proved under the following conditions.
Let B be a skew-symmetrizable matrix, and y be a set of coefficients in a semi-
field. Then [GSV08, Theorems 4 and 5] are true for the cluster algebra with coef-
ficients A (u,y, B) if either
• the cluster algebra is of geometric type, or
• B is of full rank.
Since all cluster algebras in this paper are of geometric type (they have trivial
coefficients), we will not say more about this.
Remark 2.10. In the definition of unistructurality, we can also say something about
seeds: a cluster algebra A (u, Q) is unistructural if and only if the following condi-
tion is satisfied:
(U”) if (v, R) is a seed such that the set of cluster variables of A (v, R) is equal
to X , and if R is a disjoint union of quivers R1, . . . , Rr, then there is
a seed (v, Q1 ⊔ . . . ⊔ Qr) which is mutation-equivalent to (u, Q) (up to
isomorphism), where each Qj is either Rj or the opposite quiver (Rj)op.
To see this, notice that at the end of the proof of Proposition 2.8, the adjacent
clusters in the exchange graph also allow one to recover the exchange relations,
and thus to deduce the quiver of the associated seed up to a change in the orienta-
tion of all the arrows in each of its connected components. Hence, condition (U’)
implies (U”). The converse holds trivially, so the equivalence is proved.
Example 2.11. A cluster algebra of rank 1 is unistructural, since it only has two
clusters and two cluster variables.
The above example is one of the few cluster algebras which are known to be
unistructural.
Theorem 2.12. The following results are known for skew-symmetric cluster alge-
bras with trivial coefficients.
(1) [ASS14a, Theorem 5.2] Cluster algebras of rank 2 are unistructural.
(2) [ASS14b, Theorem 0.1] Cluster algebras of Dynkin type are unistructural.
(3) [BM16, Theorem 3.2] Cluster algebras of affine type A˜n are unistructural.
Moreover, there is no known counter-example to the following conjecture.
Conjecture 2.13. [ASS14a, Conjecture 1.2] Any cluster algebra is unistructural.
2.3. Reduction to connected quivers. In this section, we show that it is enough
to consider connected quivers when dealing with unistructurality. More precisely,
we prove the following proposition.
Proposition 2.14. Let Q be a quiver which is a disjoint union of quivers Q1, . . . , Qr.
Let (u, Q) be a seed, and let (u1, Q1), . . . , (ur, Qr) be the seeds corresponding to the
decomposition of Q. Then the cluster algebra A (u, Q) is unistructural if and only
if the cluster algebra A (ui, Qi) is unistructural for all i ∈ {1, . . . , r}.
Before proving Proposition 2.14, let us state an immediate consequence.
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Corollary 2.15. Conjecture 2.13 is true if and only if for any connected quiver Q
and any seed (u, Q), the cluster algebra A (u, Q) is unistructural.
Let us now prove Proposition 2.14. Assume that Q is a quiver which is a disjoint
union of quivers Q1, . . . , Qr, and let (u, Q), (u1, Q1), . . . , (ur, Qr) be seeds as above.
One implication of the proposition is clear.
Lemma 2.16. If the cluster algebra A (u, Q) is unistructural, then so is A (ui, Qi)
for each i ∈ {1, . . . , r}.
Proof. Suppose that A (ui, Qi) is not unistructural for a certain i. Let (vi, Ri) be
a seed such that A (vi, Ri) has the same cluster variables as A (ui, Qi), but such
that (vi, Ri) has condition (U) in Definition 2.7 fail.
Let u′ = u1 ⊔ . . . ⊔ ui−1 ⊔ vi ⊔ ui+1 ⊔ . . . ⊔ ur and Q′ = Q1 ⊔ . . . ⊔Qi−1 ⊔Ri ⊔
Qi+1 ⊔ . . .⊔Qr. Then A (u, Q) and A (u′, Q′) have the same cluster variables, but
condition (U) fails. Thus A (u, Q) is not unistructural. 
Assume now that each A (ui, Qi) is unistructural. Note that each cluster variable
of A (u, Q) lies in one of the fields Q(vi), for some i ∈ {1, . . . , r}. Let (v, R) be a
seed such that A (v, R) and A (u, Q) have the same cluster variables.
Lemma 2.17. The quiver R is a disjoint union of quivers R1, . . . , Rr and v is a
corresponding disjoint union of tuples v1, . . . ,vr in such a way that each cluster
algebra A (vi, Ri) is contained in Q(ui).
Proof. By assumption, each element of v is contained in one of the subfields Q(ui)
of Q(u). Since v is a free generating set of Q(u), all subsets of v are algebraically
free. Therefore, for each i, there is exactly |ui| elements of v in Q(ui). This allows
us to partition v into sub-tuples v1, . . . ,vr in such a way that vi contains precisely
the variables of v contained in Q(ui). Since v freely generates Q(u), this implies
that each vi freely generates Q(ui); in other words, Q(ui) = Q(vi) for each i.
Now, let vj a cluster variable of v, and let v
′
j be the variable obtained by mutation
of (v, R) at j. By the above argument, if vj is in Q(u
i), then so is v′j . Write the
exchange relation as
vjv
′
j =
∏
α∈R1
t(α)=j
vs(α) +
∏
α∈R1
s(α)=j
vt(α).
Since vjv
′
j lies in Q(u
i) = Q(vi) and each vk lies in Q(v), we must have that
all variables occurring on the right hand side of the exchange relation are also
in Q(vi). Thus the vertex j of R is related by arrows only to vertices corresponding
to variables in vi. Repeating the argument for all vertices j of R, we partition R
into a disjoint union of quivers R1, . . . , Rr as required. 
As a consequence of Lemma 2.17, the set of cluster variables of A (vi, Ri) is the
same as that of A (ui, Qi). Since the latter is unistructural by hypothesis, we get
that the two algebras have the same clusters. As R is the disjoint union of the Ri
and v that of the vi, we thus get that A (u, Q) and A (v, R) also have the same
clusters. Thus A (u, Q) is unistructural. This finishes the proof of Proposition 2.14.
3. Cluster algebras arising from triangulations of surfaces
3.1. Cluster algebras and surfaces. We now recall how a cluster algebra can be
associated to a triangulation of a surface. We mainly follow [FST08], but restrict
ourselves to the setting of unpunctured surfaces.
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A marked surface is a pair (S,M), where S is a connected oriented Riemann
surface with boundary ∂S and M is a finite subset of ∂S such that M has at least
one point on each connected component of ∂S. We exclude the case where (S,M)
is such that S is a disk and |M | ∈ {1, 2, 3}; these are the cases where there is either
only one triangulation or no triangulation at all (in the sense that we recall below).
An arc on (S,M) is an isotopy class of curves on S with endpoints in M . A
boundary arc is an arc isotopic to a curve contained in the boundary ∂S of S; an
internal arc is an arc which is not a boundary arc. Finally, a closed curve on (S,M)
is a free isotopy class of curves on S whose starting point and ending point are the
same point in the interior of S (a free isotopy is an isotopy of curves that does not
necessarily fix their endpoints).
The figure below represents two triangulated surfaces: on the left, a sphere with
two open disks removed (or annulus), and on the right, a sphere with three open
disks removed.
We say that two arcs or closed curves γ and δ on (S,M) intersect if, for all choices
of isotopy representatives γ¯ of γ and δ¯ of δ, the two representatives γ¯ and δ¯ intersect
in the interior of S. We say that an arc or closed curve self-intersects if all isotopy
representatives of it intersects itself in the interior of S. A triangulation of (S,M) is
a maximal collection of non-self-intersecting and pairwise non-intersecting curves.
For a triangulation τ and an arc i in τ , the flip of τ at i is the unique triangu-
lation fi(τ) containing τ \ i but not i.
Let τ be a triangulation of (S,M). Define a quiver Q(τ) in the following way:
• vertices of Q(τ) are arcs in τ ;
• there is an arrow i→ j for each triangle ∆ of τ in which both i and j occur,
with j immediately following i in the clockwise order of the boundary of ∆.
Definition 3.1. Let τ be a triangulation of (S,M) with n arcs, and let u be a free
generating set of Q(x1, . . . , xn). The cluster algebra associated with τ (with set u
of initial variables) is the cluster algebra A (u, τ) := A (u, Q(τ)).
Let τ be a triangulation of a marked surface (S,M). The following are conse-
quences of [FST08, Theorem 7.11].
Theorem 3.2 (Theorem 7.11 of [FST08]).
• The cluster variables of A (u, τ) are in bijection with non-self-intersecting
internal arcs of (S,M). If γ is such an arc, denote by uγ the corresponding
cluster variable. Under this bijection, the arcs of τ are sent to the cluster
variables in u.
• The above induces a bijection between triangulations of (S,M) and seeds
of A (u, τ): if τ ′ is a triangulation of (S,M), then the associated seed
is
(
(uγ | γ ∈ τ
′), Q(τ ′)
)
.
• In particular, if τ ′ and τ ′′ are related by a flip at i, then the seed associated
to τ ′′ is the mutation at i of the seed associated to τ ′.
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3.2. Bracelets. The following definitions are adapted from [MSW13].
Definition 3.3. Let γ be an essential loop in (S,M). The bracelet Bracmγ is the
closed loop obtained by concatenating γ with itself exactly m times. We denote
the polynomial in F associated to it by bm(γ).
Note that Bracmγ has m− 1 self-intersections.
Lemma 3.4 (Theorem 1.1 of [MW13]). Every bracelet has a positive Laurent ex-
pansion with respect to any cluster of A(u, τ).
Definition 3.5. A collection c of arcs is C-compatible if it contains no intersections
(between two elements or self-intersections). Therefore, it excludes bracelets.
A collection c′ of arcs and bracelets is C′-compatible if:
• no two elements of c′ intersect each other, except for the self-intersections
of a bracelet;
• there exists at least one essential loop γ in (S,M) such that the bracelet
Bracm(γ) lies in c
′, with m ≥ 1. Moreover, there is exactly one copy of
Bracm(γ) in c
′ and if m′ 6= m, then Bracm′(γ) 6∈ c
′.
In other word, there are no bracelets in C-compatible collections of arcs, but
there are always bracelets in C′-compatible collections of arcs and at most one per
essential loop. Note that it does not completely agree with the definition if C-
compatibility from [MSW13]: a collection of arcs is C-compatible in [MSW13] if it
is C-compatible or C′-compatible.
We define C(S,M) to be the set of all C-compatible collections of arcs in (S,M)
and we define C′(S,M) to be the set of all C′-compatible collections of arcs and
bracelet in (S,M). collections. We denote
B =


∏
γ∈C
xγ | c ∈ C(S,M)

 and B′ =


∏
γ∈C′
xγ | c
′ ∈ C′(S,M)

 .
Definition 3.6. Let A be a Z-algebra free as a Z-module and B be a basis of A.
The basis B is positive, if for every b1, b2 ∈ B,
b1b2 =
∑
b∈B
mbb
with mb ≥ 0 for every b ∈ B.
Theorem 3.7 ([MSW13, ?, cLS15]). The set B ∪ B′ is a positive basis for the
cluster algebra A (u, τ).
It is proved in [MSW13, cLS15, Theorem 1.1] that B ∪ B′ is a basis and in [?,
Theorem 1] that it is positive.
3.3. Products of cluster variables and skein relations. We recall here some
definitions and results from [MW13]. An multicurve a multiset of arcs and closed
curves on the surface.
Definition 3.8 (Definition 6.1 of [MW13]). Let M be a multicurve such that we
have one of the following two cases:
• M = {γ1, γ2} where γ1 and γ2 are arcs or closed curves intersecting at a
point p;
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• M = {γ} where γ has a self-intersection at a point p.
The smoothing of M at point p is sp(M) = {M1,M2} where M1 (respectively M2)
is the same as M except for the local change at p that replaces the intersection or
self-intersection point × with the pair of curves segments ∪
∩
(or ⊃⊂, respectively).
The skein relations are an important theorem from [MW13] and are recalled in
the following statement.
Theorem 3.9 (Skein relations, [MW13]). Let m be a multicurve with an intersec-
tion at point p and let sp(m) = {M1,M2}. Denote by xC , x1 and x2 the product
of the polynomials in F associated to the curves in C, M1 and M2, respectively.
Then,
xC = ±x1 ± x2.
Lemma 3.10. Let γ1, ..., γr be arcs on the surface. Then the smooth resolution of
the multicurve {γ1, ..., γr} contains at least one multicurve with exactly r arcs and
no closed loops.
Proof. We prove the result by induction on the number n of intersection points of
the multicurve {γ1, ..., γr}.
Let p be an intersection point. Then either p is an point of intersection between
two distinct arcs γi and γj , or p is a point of self-intersection of an arc γk.
In the first case, smoothing at p will give rise to two multicurves, each made of
exactly r arcs and with at most n−1 intersection points. Locally, the situation is as
in the following picture, where the two arcs intersecting at P are depicted around
p. In the picture, we draw a multicurve {γ1, . . . , γr} instead of writing the product
xγ1 · · ·xγr .
= ± ±
In the second case, smoothing at p gives rise to two multicurves: one is made of
r arcs and a closed curve, and the other is made of r arcs. Both multicurves have
at most n− 1 intersection points. This is illustrated in the following picture. Note
that the loop in the leftmost and rightmost terms may not be contractible.
= ± ±
In each case, one of the multicurves obtained by smoothing at p is made only of
arcs. This finishes the proof. 
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Lemma 3.11. Let A (x, Q) be a cluster algebra associated to a triangulation of a
surface. Let x1 and x2 be cluster variables. Then
x1x2 =
∑
b∈B
mbb+
∑
b′∈B′
mb′b
′
with mb, mb′ ∈ N for every b ∈ B, b
′ ∈ B′, and∑
b∈B
mb > 0.
Proof. This follows from Theorem 3.7 and Lemma 3.10. 
4. Unistructurality of cluster algebra from unpunctured surface
4.1. Proof of the main result.
Theorem 4.1. Cluster algebras with trivial coefficients from marked surfaces with-
out punctures are unistructural.
Proof. Let A (u, Q) be a cluster algebra associated to a triangulation of a marked
surface (S,M) without punctures, where u = {u1, . . . , un}. Denote by X the set
of cluster variables of A (u, Q). Let (v, R) be a seed such that the cluster variables
of A (u, Q) and of A (v, R) are the same; denote by Y the set of cluster variables
of A (y, R). Note that a consequence of that hypothesis is that u and v have the
same number of elements, which is the cardinality of a transcendence basis of the
(common) ambient field. We show that v is a cluster of A (x, Q) by using a proof
very similar to the one of Lemma 3.1 in [BM16].
On the contrary, suppose that there exist v1 and v2 in X = Y which are
compatible in A (v, R), but not in A (u, Q). Without loss of generality, we can
furthermore assume that v1 and v2 belong to y. Since v1 and v2 are not compatible
in A (u, Q), they are associated to arcs that intersect each other in (S,M). We
know from Lemma 3.11 that
v1v2 =
∑
b∈B
mbb+
∑
b′∈B′
m′bb
′, (4.1)
with
∑
b∈Bmbb 6= 0.
Using Lemma 3.4, we know that each b is a cluster monomial and each b′ is
a Laurent polynomial in cluster variables with positive coefficients. Since v is a
cluster, each b ∈ B can be written as Laurent polynomial in v. The same is true
for
∑
b∈Bmbb, so write ∑
b∈B
mbb =
pv
mv
,
where pv (respectively mv) is a polynomial (respectively a monomial) in v.
If
∑
b′∈B′ m
′
bb
′ = 0, we obtain that
v1v2mv = pv,
so that pv is a monomial in v. Now, each b in the sum
∑
b∈Bmbb is a product
of cluster variables in X = Y ; it is thus a Laurent polynomial in v with positive
coefficients by Theorem 2.5. Moreover, the only cluster variables in Y which are
Laurent monomials in v are the elements of v itself by [CIKLFP13, Lemma 3.7].
Thus, if pv is a monomial in v, then the sum
∑
b∈Bmbb has only one term, say b,
which has to be a Laurent monomial in y; since b is a product of elements ofX = Y ,
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it is thus a monomial in v. By the linear independence of cluster monomials (see, in
this generality, [CILF12]), this implies that b = v1v2. This is then the decomposition
of b as a product of compatible elements of X ; therefore, v1 and v2 are compatible
in A (x, Q), a contradiction.
Now, suppose that
∑
b′∈B′ m
′
bb
′ 6= 0. Because
∑
b′∈B′ m
′
bb
′ is a sum of Laurent
polynomials in cluster variables with positive coefficients, we can write∑
b′∈B′
m′bb
′ =
pX
mX
where pX (respectively mX ) is a polynomial (respectively a monomial) with pos-
itive coefficients in X . Now, as before, we change notation to write pX and mX
as Laurent polynomials in y with positive coefficients:
pX =
p′
v
m′
v
and mX =
p′′
v
m′′
v
.
Equation 4.1 becomes
y1y2 =
pv
mv
+
(
p′
v
m′
v
)
(
p′′
v
m′′
v
) ,
which is equivalent to
mvm
′′
v
p′
v
= m′
v
p′′
v
(y1y2mv − pv).
Note that in the left-hand sight of the equation, there is a polynomial in v with
positive coefficients, while there is a minus sign on the right-hand sight. Since
x1x2m
′
y is a monomial, we deduce that y1y2m
′
v
= pv, and we obtain as above
that y1 and y2 are compatible in A (u, Q), a contradiction.
Therefore, y1 and y2 are two compatible variables and that proves that the
clusters of A (x, Q) and A (y, R) are the same.
By Proposition 2.8, this shows that A (x, Q) is unistructural.

4.2. Consequences for cluster automorphisms. The idea of unistructurality
first appeared in [ASS14a] while studying automorphisms between cluster algebras.
Definition 4.2 ([ASS12]). Let A (u, Q) be a cluster algebra, and let f : A (u, Q)→
A (u, Q) be an automorphism of Z-algebras. Then f is called a cluster automor-
phism if there exists a seed (v, R) of A (u, Q), such that the following conditions
are satisfied:
• f(v) is a cluster in A (u, Q);
• f is compatible with mutations, that is, for every v ∈ y, we have
f (µv(y)) = µf(v)(f(y)).
Remark that the existence of such a cluster v guarantees that the image of any
cluster is a cluster.
The following is a direct consequence of [ASS14a, Lemma 5.2] and Theorem 4.1.
Corollary 4.3. Let A (u, τ) be a cluster algebra arising from a triangulation τ of
an unpunctured marked surface (S,M). Then a map f : A (u, τ) → A (u, τ) is
a cluster automorphism if and only if f is an automorphism of the ambient field
which restricts to a permutation of the set of cluster variables.
12 VE´RONIQUE BAZIER-MATTE AND PIERRE-GUY PLAMONDON
It is conjectured in [ASS14a] that this result is true for any cluster algebra, since,
by [ASS14a, Lemma 5.2], it is true for any unistructural cluster algebra, and all
cluster algebras are conjectured to be unistructural.
Acknowledgements
The authors would like to thank Hugh Thomas for fruitful discussions and his
comments on an earlier version of this work which resulted in a simplification of
one of the arguments.
References
[ADS14] Ibrahim Assem, Gre´goire Dupont, and Ralf Schiffler. On a category of cluster alge-
bras. J. Pure Appl. Algebra, 218(3):553–582, 2014.
[Ami11] Claire Amiot. On generalized cluster categories. In Representations of algebras and
related topics, EMS Ser. Congr. Rep., pages 1–53. Eur. Math. Soc., Zu¨rich, 2011.
[ASS12] Ibrahim Assem, Ralf Schiffler, and Vasilisa Shramchenko. Cluster automorphisms.
Proceedings of the London Mathematical Society, 3(104):1271–1302, 2012.
[ASS14a] Ibrahim Assem, Ralf Schiffler, and Vasilisa Shramchenko. Cluster automorphisms
and compatibility of cluster variables. Glasgow Mathematics Journal, 56(3):705–718,
2014.
[ASS14b] Ibrahim Assem, Ralf Schiffler, and Vasilisa Shramchenko. Addendum to cluster au-
tomorphisms and compatibility of cluster variables. Glasgow Mathematics Journal,
56(3):719–720, 2014.
[BFZ05] Arkady Berenstein, Sergey Fomin, and Andrei Zelevinsky. Cluster algebras. III. Up-
per bounds and double Bruhat cells. Duke Math. J., 126(1):1–52, 2005.
[BM16] Ve´ronique Bazier-Matte. Unistructurality of cluster algebras of type A˜. J. Algebra,
464:297–315, 2016.
[CIKLFP13] Giovanni Cerulli Irelli, Bernhard Keller, Daniel Labardini-Fragoso, and Pierre-Guy
Plamondon. Linear independence of cluster monomials for skew-symmetric cluster
algebras. Compos. Math., 149(10):1753–1764, 2013.
[CILF12] Giovanni Cerulli Irelli and Daniel Labardini-Fragoso. Quivers with potentials associ-
ated to triangulated surfaces, Part III: tagged triangulations and cluster monomials.
Compos. Math., 148(6):1833–1866, 2012.
[CL18] Peigen Cao and Fang Li. The enough g-pairs property and denominator vectors of
cluster algebras. arXiv:1803.05281, 2018.
[cLS15] I˙lke C¸anakc¸ı, Kyungyong Lee, and Ralf Schiffler. On cluster algebras from unpunc-
tured surfaces with one marked point. Proc. Amer. Math. Soc. Ser. B, 2:35–49,
2015.
[FST08] Sergey Fomin, Michael Shapiro, and Dylan Thurston. Cluster algebras and triangu-
lated surfaces. part I: Cluster complexes. Acta Mathematica, 201(1):83–146, 2008.
[FZ02] Sergey Fomin and Andrei Zelevinsky. Cluster algebras I: Foundations. Journal of the
American Mathematical Society, 15(2):497–529, 2002.
[FZ03] Sergey Fomin and Andrei Zelevinsky. Cluster algebras II: Finite type classification.
Inventiones mathematicae, 154(1):63–121, 2003.
[FZ07] Sergey Fomin and Andrei Zelevinsky. Cluster algebras IV: Coefficients. Compositio
Mathematica, 143(1):112–164, 2007.
[GHKK18] Mark Gross, Paul Hacking, Sean Keel, and Maxim Kontsevich. Canonical bases for
cluster algebras. J. Amer. Math. Soc., 31(2):497–608, 2018.
[GLS13] Ch. Geiss, B. Leclerc, and J. Schro¨er. Cluster algebras in algebraic Lie theory. Trans-
form. Groups, 18(1):149–178, 2013.
[GR17] Max Glick and Dylan Rupel. Introduction to cluster algebras. In Symmetries and
integrability of difference equations, CRM Ser. Math. Phys., pages 325–357. Springer,
Cham, 2017.
[GSV08] Michael Gekhtman, Michael Shapiro, and Alek Vainshtein. On the properties of the
exchange graph of a cluster algebra. Math. Res. Lett., 15(2):321–330, 2008.
UNISTRUCTURALITY OF CLUSTER ALGEBRAS FROM SURFACES 13
[GSV10] Michael Gekhtman, Michael Shapiro, and Alek Vainshtein. Cluster algebras and
Poisson geometry, volume 167 of Mathematical Surveys and Monographs. American
Mathematical Society, Providence, RI, 2010.
[Kel] Bernhard Keller. Quiver mutation in JavaScript and Java.
https://webusers.imj-prg.fr/~bernhard.keller/quivermutation/.
[Kel12] Bernhard Keller. Cluster algebras and derived categories. In Derived categories in
algebraic geometry, EMS Ser. Congr. Rep., pages 123–183. Eur. Math. Soc., Zu¨rich,
2012.
[LS15] Kyungyong Lee and Ralf Schiffler. Positivity for cluster algebras. Annals of Mathe-
matics, 182(1):73–125, 2015.
[LW14] Bernard Leclerc and Lauren K. Williams. Cluster algebras. Proc. Natl. Acad. Sci.
USA, 111(27):9676–9679, 2014.
[Mar13] Robert J. Marsh. Lecture notes on cluster algebras. Zurich Lectures in Advanced
Mathematics. European Mathematical Society (EMS), Zu¨rich, 2013.
[MSW13] Gregg Musiker, Ralf Schiffler, and Lauren Williams. Bases for cluster algebras from
surfaces. Compositio Mathematica, 149(2):217263, 2013.
[MW13] Gregg Musiker and Lauren Williams. Matrix formulae and skein relations for cluster
algebras from surfaces. International Mathematics Research Notices, 2013(13):2891–
2944, 2013.
[Pla18] Pierre-Guy Plamondon. Cluster characters. In Homological Methods, Representation
Theory, and Cluster Algebras, pages 101–125. Springer, CRM Short Courses, 2018.
[Rei10] Idun Reiten. Cluster categories. In Proceedings of the International Congress of
Mathematicians. Volume I, pages 558–594. Hindustan Book Agency, New Delhi,
2010.
[Sag] http://doc.sagemath.org/html/en/reference/algebras/sage/algebras/cluster_algebra.html.
[Sch18] Ralf Schiffler. Cluster algebras from surfaces. In Homological Methods, Represen-
tation Theory, and Cluster Algebras, pages 65–99. Springer, CRM Short Courses,
2018.
[Wil14] Lauren K. Williams. Cluster algebras: an introduction. Bull. Amer. Math. Soc.
(N.S.), 51(1):1–26, 2014.
Laboratoire de combinatoire et d’informatique mathe´matique, Universite´ du Que´bec
a` Montre´al, CP 8888, Succ. Centre-ville, Montre´al (Que´bec), H3C 3P8, Canada
E-mail address: bazier-matte.veronique@courrier.uqam.ca
Laboratoire de Mathe´matiques d’Orsay, Universite´ Paris-Sud, CNRS, Universite´ Paris-
Saclay, 91405 Orsay, France
E-mail address: pierre-guy.plamondon@math.u-psud.fr
